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Note 3. The Energy Minimization to Deduce The Landau-Lifhiz Equation
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Consider a non-dimensionalization of the Landau-Lifshitz equation, which will be proved in what fol-
lows using energy minimization. The Landau-Lifshitz energy can be written in dimensionless variables by
rescaling M = M,m, Hy, = M,h,, U = M,u, H, = Mh,, x = Lx', F[M] = (uoM?L?)F[m], where M
is magnetization which has units of A/m and and dimensions [M] = [M,] = AL~!, mathematically, it is a
vector field of constant length M; (in units of A/m), where Hg is stray field, U is scalar function.

The Laudau-Lifshitz free energy considered is
1
Flm] = q/ (m3 4+ m3) dx’ +6/ |Vm|?dx’ + 5/ |Vu|? dx’/ —/ h, - mdx/, (1)
’ Q/ R Q/

where ¢ = 2K, /(noM2) and € = 2Ce, /(o M,L?) are dimensionless. Note that m = T and [M| = M,

m = (my,ma,m3)T then one has |m| = 1, we are interested in the problem of minimizing the energy F[m]
over all functions belonging to the admissible calss

A={me H'(Q;R?)| %—m =0 on 99, |m|=1ae.}.
v

In the sequel, the variational calculus is adopted to obtain Landau-Lifschitz equation, that is the necessity
of energy minimization, i.e., 2£ = 0. Assume v € C2°(€'), then since |m| = 1, we give a turbulent and note
that |m + ¢tv| # 1, for each sufficiently small ¢, we consider first the minimization without constraints using
energy methods. At beginning of this process, for all t € R and v € C°(Q), I[t] = Flm + tv] > F[m], it

follows I'[t]|=o = 0. We then have

I[t] = F [m + tv]

q/ [(ma + tvg)? + (mg + tvs)?] dx’
Q/

+ e/ |V (m + tv)|? dx’
Q/

1
+*/ |Vu|? dx’
2 Jos

—/ h, - (m +tv)dx'.
S/

We note that div(—Vu+m+tv) = 0, for x € R3, we take derivative with regard to ¢, that is, div(—V% +
v) =0, then
ou

V(=) - Vudz = / v - Vudz.
R3 ot Q
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Taking derivative with respect to variable t on the both side, we obtain

I'lt] = q// 2 [(ma + tva)ve + (M3 + tvz)vs] dx’
+ 6/ 2V(m + tv) - Vv dx’

+ Vu - vdx'
RS

—/ h, - vdx'.

We observe that for all x € 91, it follows %—T = 0, and also note that Vm-Vv = —Am-v, where fQ, Am-vdx

is easy to calculate due to v decay into 0 on boundary using integrate by parts. Then,

I/[O} = q/ 2 [mQ'UQ + m31}3] dx’
S ’
— e/ 2Am - v dx’

+ Vu-vdx'
]RS

f/ h, - vdx'.

Thus,
heg = 2q(m2e2 + m363) —2¢Am + Vu —h, =0.

In the following, we consider the minimization with constraints using energy methods. For simplicity, we
introduce a notation as follows

m-+tv

t) = ———— .
®) |m + tv| €4
Thus,
m +tv
It)|=FQ@)]=F | ——| .
1= Fhol=F | ]
Note, however, that
, v [(m+tv) - v](m + tv)
Y (t) = - 3 )
fm+ V] m + v

At beginning of this process, for all t € R and v € C°(Q),I[t] = F[y(t)] = F [\31%] > F[ml], it follows
I'[t]|t=0 = 0. In the following, we note that

m+itv) Vm+tVv (m+iv)[(m+tv) V(m+tv)l
lm+tv])  |m+tv] |m + tv]|? '
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We will give a computation in detail, i.e.,
t
I = F mtiv
|m + tv|

:q/ <m2+tv2>2+ <m3+tv3>2 "

o | \|m+tv] |m + ¢v]

Vm+tVv  (m+tv)[(m+tv) - V(m+ tv)]
|m + ¢v]| |m + tv|3

1

+7/ |Vu|? dx’
2 Jps

_ / o (BN
Q/ |m+tV|

ou
ot )

2

+e€ dx’

Then, we note that

V( Vudxz/’y’(t)-Vudx.
Q

Consequently,

I’[t}:/ "(t) - Vudx’f//heﬁy’(t)dx'

ma + tug Vg [(m+tv) - V] ,
2 - o) MR V) VI
w20 [ () (gm0 ) e

ms + tug U3 [(m+tv) - V] ,
+2q/gl +tv|) <m+tv| ~(ma+tos) =R > dx
/ {Verth - (m+tv)[(m+tv) - V(ertv)}]
|m + ¢v| |m + tv|3
{ _ [(m+tv) - v](Vm + tVv)
|m—|—tv| |m + tv|?
B (v((m +tv) - V(m+tv)) N (m+tv)(v-V(m+1tv)+ (m+tv)-Vv)
lm + tv|3 |lm + tv|3

—3(m + tv)(m + tv) - V(m + tv)) - w> } dx'.

Note, however, that
7 (0)=v—(m-v)m.

Then,
0 =1'[0] :/ [v— (m-v)m]-Vudx’—/ h. - [v— (m-v)m]dx’
+2q [ ma(va —mo(m-v))dx' +2q [ ms3(vzg —mz(m-v)) dx’
(944 Q/

+ 26/, [Vm — m(m - Vm)] - {vV ~ (m-v)Vm — (v(m - Vm)

+m(v-Vm+m-Vv) - 3m(m- Vm)(m - v)) } dx’.

om; Ov om; Ov
’ 7 () 7 7 /
/le VVdX/,%:axjaxj Z/,ax]ax]

Notice that
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Integrating by part, we obtain

/Vm Vvdx = — /Zamzwi 7/ Am - vdx’

we also note that

and 5
Vm-m = i my,
. a.%'j
ij
then,
26/ [Vm —m(m - Vm)] - {Vv —(m-v)Vm — <v(m -Vm)
+m(v-Vm+m-Vv)—-3m(m - Vm)(m - v)) } dx’
6‘ mz 8 my; ani ﬁmz ﬁmz
/, Z vi - Z Tz gz ™) (L, mi)(; oz, UV
377% 8mt 81)z om;
- (S ><i Zm] D Gam
amz 577% 8ml ov;
val ij ij ij(?:z:j)
ij
om; 0? mZ 8m1 om; amz
_ Z m; 8$ Z Zm] Z m; 6.13 Zm] Zmlvl
i ij
am7 8m1 amz Ov;
ij ij Iy J
aml om;
vaz ij zj:mjﬁx-)dx/
/ Z 6 m; fl),L- 6 ml Z m UZ
’ /L'j
=2 [ —Am-v+ (Am -m)(m-v)dx'.
Q/
Then,
0=1'[0] = / [v—(m-v)m]- Vudx' 7/ h, - [v — (m-v)m]dx’
+2q | ma(vg —ma(m-v))dx +2q¢ [ mz(vz—m3(m-v)) dx’
o o
+ 26/ —Am v+ (Am-m)(m - v)dx/,
that is,

/ h;ff'VZO.
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The above identity is valid for each function v € C°(£)'). We then derive
heg = Vu — (m - Vu)m — h, 4 (h, - m)m + 2¢[(mges + mzes) — (m3 + m2)m|

+2| —Am+ (Am-m)m|.

Note that
heff = 2q(m2e2 + m3e3) — 2eAm + Vu — he7

and
(hegr - m)m = 2¢[(mae2 + mses) - mjm — 2¢(Am - m)m + (Vu - m)m — (h, - m)m,

we can compute for simplicity and then get

hei‘f = heff - (heffa m)m



